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This paper presents a distributed event-triggered control algorithm for linear time-invariant
multiagent systems to schedule local information exchange. The proposed distributed
event-triggered control involves a dynamic threshold, which is a function of the error
between a dynamical system and its reference model and, in addition, contains an ex-
ponentially decaying term to minimize local information exchange during the transient
response. This dynamic threshold significantly decreases network utilization (i.e., number
of events). Moreover, in contrast to the sampled data exchange approach, which is widely
used in the event-triggered control literature, we use a solution-predictor curve exchange
method. This method predicts the time trajectories of agents and has the ability to sig-
nificantly decrease network utilization compared to sampled data exchange. Using graph
theory and Lyapunov stability tools, we provide rigorous system-theoretic analysis and

show the efficacy of the proposed approach through a numerical example.

| Introduction

A Literature Review

Small and low cost devices with mobility, computing, communication, and sensing capabilities have gained
the attention of researchers in the several past decades. This trend has led to establishing strong theoretical
foundations on how these devices working together are able to accomplish a common task by only sharing
local information between each other through a network (hereinafter referred to as multiagent systems).
Application range of networked multiagent systems encompasses many scientific, civilian, and military op-

erations including, for example, traffic management, transportation, power distribution, internet delivery,
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and emergency response (see, e.g., [1-4]). These systems have several important features that are benefi-
cial to be studied. One such key feature is how they can accomplish a given application with guaranteed
closed-loop system stability by only utilizing inter-agent (i.e., local) information exchange. Furthermore, it is
essential to prevent potential network overload and decrease wireless communication costs in the design and
implementation of these systems. Therefore, it is a practical need to also study how to schedule inter-agent
information exchange.

Whether for discrete-time algorithms or for continuous-time algorithms, information exchange is per-
formed over fixed periods (i.e., naturally for algorithms in discrete-time form and through approximation for
algorithms in continuous-time form). To prevent the fixed period demand, event-triggered control theory has
become an important method in the literature, where it allows information exchange predicated on sampled
data in an aperiodic and asynchronous way such that exchange information is performed when an error of
interest violates a-priori defined fixed or dynamic threshold (see, e.g., [5-11]). In the networked multiagent
systems literature, local information exchange is also predicated on sampled data (see, e.g., [12-21]).

In contrast to sampled data information exchange, the authors of [10] propose information exchange
based on curve-fitted command functions and exact command functions. In particular, they show that the
number of events reduces dramatically with these functions as compared with its sampled data counterpart.
Yet, their study is outside the scope of networked multiagent systems. Motivated from this standpoint, they
generalize their results to these systems in [22], where local information exchange is predicated on solution-
predictor curves. Similar in spirit to curve-fitted command functions and exact command functions, these
curves predict the solution of each agent and this prediction significantly reduces the number of agent-wise
events as compared with the sampled data local information exchange. However, the results in [22] hold only
for agents having single integrator dynamics. Note that the authors of [22] have extended their approach
from single integrator models to linear time-invariant models in [23], yet here there is a drawback that when

an event occurs, in addition to the system state the state of the reference model is exchanged as well.

B Contribution and Organization

The contribution of this paper is a distributed event-triggered control algorithm for linear time-invariant
multiagent systems to schedule local information exchange. The proposed distributed event-triggered con-
trol involves a dynamic threshold, which is a function of the error between a dynamical system and its
reference model and, in addition, contains an exponentially decaying term to minimize local information
exchange during the transient response. This dynamic threshold significantly decreases network utilization
(i.e., number of events). Moreover, in contrast to the sampled data exchange approach, which is widely
used in the event-triggered control literature, we use a solution-predictor curve exchange method in [22].
This method predicts the time trajectories of agents and has the ability to significantly decrease network
utilization compared to sampled data exchange. System-theoretic analysis of the proposed method is also
included using tools from graph theory and Lyapunov stability theory.

Organization of this paper is as follows. In Section Il, we provide the notation used throughout this paper
and basic definitions from graph-theory. Problem formulation is given in Section Ill and system-theoretical
analysis is given in Section IV. In Section V, we provide an illustrate numerical example to show the efficacy

of the proposed approach and finally concluding remarks are given in Section VI.
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Il  Notation and Definitions

The notation used in this paper is given in Table 1. In addition, we consider a connected and undirected
graph G throughout this paper, where D(G) £ diag([dy, ..., dy]) € RY*YN denotes the degree matrix with d;
being the degree of agent i, A(G) € RN*Y denotes the adjacency matrix that is defined as [A(G)],;
agents i and j are neighbors and otherwise [A(G)];; = 0, L(G) £ D(G) — A(G) denotes the Laplacian matrix,
and i ~ j denotes the neighboring relationship (for details we refer to [3,24]). Note that the eigenvalues of
the Laplacian matrix of a connected and undirected graph are ordered as 0 = A1 (£(G)) < A2 (L(G)) < -+ <
AN (L£(G9)), where the eigenvector 1y corresponds to the zero eigenvalue [3]. For a connected and undirected
graph G, note also that F(G) £ £(G) + K € RY*Y is positive-definite matrix (here, K = diag ([k1, ..., kn]),

= 1 when

k;€Zy,i=1,...,N, such that at least one diagonal entry of K is nonzero) [4].
N, Z, Z, the sets of natural numbers, integers, positive integers
R, R™ R*™ the sets of real numbers, n x 1 real vectors, n x m real matrices
R, R, the sets of positive, nonnegative real numbers
R}X™, ﬁixn the sets of positive-definite, nonnegative-definite real matrices
I, 0n, O nxn identity matrix, nx1 zero vector, nxm zero matrix
2 ()T ()t equality by definition, transpose, inverse
A(A), A(A) maximum, minimum eigenvalue of A € R™*"
45 11 A]l, £ (X(ATA))% Euclidean norm, induced 2-norm of A € R"*™

Table 1. Notation

i1l Problem Formulation

Using the results in [22] as building blocks in the following subsections, they are generalized to networked
multiagent systems with agents having linear time-invariant dynamics.
A Distributed Control Architecture
Let the dynamics of agent 7 in a connected and undirected graph G be
x;(t) = Az;(t) + Bu(t), (1la)
zi(t) = Exi(t), (1b)
where A € R™*"™ denotes the system matrix, B € R™ ™ denotes the input matrix, £ € RP*™ denotes the
output matrix, z;(t) € R™ denotes the state vector of agent 4, and z;(t) € RP denotes the output of agent i.
Each agent ¢ has continuous access to its state, ;(t), and its output, z;(¢). Let the local control architecture
of agent i be given by
ul(t) = — lel(t) — Kgl'ei(t). (2&)
Tei = 2i(t) — i (). (2b)

Here, K; € R™*" and Ko € R™*P are feedback control gain matrices and z.;(t) € RP is the integral state

of agent i. Moreover, [i;(t) € R? is the last broadcast of p;(t) € RP of agent i to its neighbors through an
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event-triggering approach (details below) and p;(t) is given by [22]

fi(t) = = | D (a(t) = i (£)) + ki () — c(®) |, 1 (0) = pio- (3)

i~g

In (3), v € R is a design parameter, k; € {0, 1} denotes whether agent i is a leader agent or a follower
agent (i.e., k; = 0 for follower agents and k; = 1 for leader agents), and fi; € R? for ¢ ~ j denotes the latest
broadcasted value of u;(t) € RP from agent j to its neighbors through an event-triggering approach (once
again, details below).

Next, for agent 4, using the control signal given by (2a) in (la), one can write
xz(t) = Amxi(t) + Bmxei(t)7 (4)

where A, £ A — BK; € R™*" is Hurwitz and B,, & —BK, € R"*™. By combining agent i’s state vector

with its integral state (i.e., by letting @; = [z;, zc;]T € R” with @ 2 n + p), we have

A, Bm Onxm| . _ _
Ti(t) = i(t) ) (), Ti(0) =Ty (5)
E  Opxm -1,
| e ——
Am Bm

Here, gain feedback matrices, K; and K», are designed such that the matrix A, is Hurwitz. In addition,
note that in the dynamics of agent i given by (5), the last broadcasted value of p;(t) is used (i.e., f1;(1)).
Yet, agent ¢ has continuous access to the value of u;(t) through (3). We now formalize the ideal continuous

information exchange dynamics by defining

Zmi(t) = AnTimi(t) + Bumpti(t) + L (Zi(t) — Tmi(t)),  Tm(0) = Tmio, (6)

where Z,; € R™ and L £ al; € R™" with a € R, being a design parameter. Hereinafter we will refer to
(6) as the ideal closed-loop reference model of agent i [25-30]. We now define the error signal of agent i as
2i(t) = Ti(t) — Tmi(t) to capture deviation of agent 4’s states from its closed-loop reference model. Then,

using (5) and (6) one can write the error dynamics as
éi (t) = (Zm - Z) Ei(t) + Em/jti (t>7 (7)

where fi;(t) £ j1;(t) — pi(t) € R is the difference between the latest broadcasted value fi;(t) and the current
value p;(t) for agent .

Our objective is to design a distributed control architecture such that all agents in the multiagent system
that have linear time-invariant dynamics follow a desired trajectory available only to the leader agents
predicated on an event-triggering approach to minimize network utilization. We next outline the event-

triggering architecture with dynamic threshold and solution-predictor method.

B Event-Triggering Architecture

In this paper, we consider the event-triggering rule given by

12 (B)]l2 < ellE(®)l2 + o(2)- (8)
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In (8), ¢ € R, is a design parameter and ¢(t) € R, is an exponentially decaying term whose dynamics

satisfies

o(t) = —k(o(t) — dr),  B(t) = o, (9)

where k € R, represents the time constant of ¢(t). We refer to [Remark 3.1, 22| for details on the selection
of ¢f.

For the event-triggering scenario given by (8) we consider two cases [22]:

a) Agent i will broadcast a smapled data of its u-dynamics value, p;(t), to its neighbors (i.e., fi;(t) =
pi(tai) for t € [tai, ta+1):)) through a zero-order-hold operator, when it detect that the event-triggering rule
given by (8) is violated. Moreover, all time instants when the event-triggering rule (8) is violated are stored
in the sequences {t4;}qen for i =1,..., N.

b) Agent i will broadcast a solution-predictor curve of its u-dynamics, p;(t), to its neighbors (i.e., {i;(t) =
Sai(t) for t € [tai,t(g41)i)), when it detect that the event-triggering rule given by (8) is violated. Once
again, all time instants when the event-triggering rule (8) is violated are stored in the sequences {t4;}ien
fori=1,...,N. Note that, the solution-predictor curve method (details in Section III.C) as compared with
the state-of-the-art results on event-triggered networked multiagent systems is new.

Finally, to better illustrate our problem formulation we refer to Figure 1. In this figure, we show a multiagent
system consisting of 4 agents and, without loss of any generality, agent 1 is chosen as leader agent. Moreover,
inter-agent communication is predicated ont he event-triggering approach above where the goal is that all agents

converge to the desired trajectory only available to the leader agent (i.e., agent 1 in this figure).

@ pa(t) fua(t) /2\ pa(t) fa(t) /3\ ps(t) fi3(t) @
fia (1) pa(t) " ja(t) ps(t) N/ () pa(t)

Figure 1. An example of linear time-invariant multiagent system consisting of 4 agents such that inter-agent
communication is based on the event-triggering approach. Here, agent 1 is leader while the remaining agents
are followers.

C Solution Predictor Curve [22]

We here provide the definition of the solution-predictor curve method for information exchange when the event-
triggering rule (8) is violated for case b) as outlined in Section IIl.B. In particular, consider the y-dynamics of
agent ¢ as given by (3). When an event occurs at agent ¢ (i.e., when (8) is violated) at time ¢ = t4;, the solution
of (3) can be approximated between two events with the initial condition p;(¢4;), the inputs fi;(t4;) for i ~ j and

¢(tq;) such that these values are considered as constant, as

> Aj(ta) + kic(tas) > Aj(ta) + kic(tas)

Sat) = | fro — =+ eI : (10)

Note that with (10) the evolution of 1;(¢) for agent i over time can be approximated. Every agent in the networked
multiagent system stores a function in the form given by (10) for each of its neighbors. When an event occurs,
agent 7 will broadcast to its neighbors fi;0 = p;(tai), to = ta;, and the value of (Ziwj fi(ta;) + kic(tdi)> / (ki +
d;).
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IV System Theoretical Analysis

In this section, we provide a rigorous stability analysis for the proposed distributed event-triggered con-
trol architecture. To this end, let Z(t) = [Z1(t),...,Zn(t)]T € RN™ denote the aggregated state vector,
Zm(t) = [Tm1(t), ..., Tmn ()] € RV denote the aggregated closed-loop reference model state vector, &(t) =
2 [ui(t),...,un(t)]T € RNP denote the

aggregated p vector, and fi(t) = [f1(t), ..., in(t)]T € RVP denote the aggregated fi vector. Then, one can the

[€1(t),...,en(t)]T € RN denote the aggregated error vector, ju(t)

overall system error dynamics as

e(t) = Ae(t) + Bi(t), (11)
where A = (A, — L)@ Iy € RNV B2 B @ Iy € RNXN™ and ji(t) = u(t) — u(t) € RY. Note that A
is Hurwitz and thus there exists a unique positive definite matrix P € RV"*N7 solving the Lyapunov equation

ATP +PA+R =0 for R € RY™NT,
Next, the aggregated p-dynamics becomes

pt) = =7 (L@ L) p(t) + (K@ 1) (i) — c(t))]
=7 [((£+K) @ L)a(t) — (K@ Ip)e(t)]

—(F@L)at) — (Ko L)c®)], (12)

where £ € RY*N s the Laplacian matrix of the connected and undirected graph. Moreover, F € Ri\_’XN and
I € RV*N are defined in Section II. Then, by letting F £ FeI, e RNVNPXNp gnd I £ K®lI, e RANPXNP (12)
can be identically rewritten as

(t) = —Flt) + AKe(d). (13)

By considering continuous inter-agent information exchange, one can define an auxiliary ideal u-dynamics as

fun (t) = =y F pin (t) + 7Ke(t), (14)
where (1, € RNPXNP Next, we define the error between the dynamics given by (13) and (14) as 7i(t) =
w(t) — um(t) € RNP. Then, one can write

(1) = —FE() — v FAlb) (15)

Next, we present a lemma essential to stability analysis of the proposed distributed event-triggered control

architecture from [22].

Lemma IV.1 [Lemma 4.1, 22] The agent-wise event-triggering rule given by (8) can be equivalently rewritten
as

1A, < e le@)lly + VN(t) (16)
for the overall networked multiagent system.

We now define

A(R) - 2|PBl|; — 0 0
0= 0 1y (A(F)=p1) 0], (17)
0 0 P2

where 7; € Ry, p; € Ry, and p, € R, are free parameters to ensure the positive definiteness of O. In particular,

Py is unrestricted, p; should be chosen such that A(F) — p; > 0 holds, and the event-triggering parameter ¢
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should be chosen such that e < (A(R) — @} ')/2||PB]|2. Note that this bound on & can be made randomly large
by carefully choosing « for L and judiciously large ;.
Next, we present the system-theoretical stability analysis of the proposed distributed event-triggered control

architecture.

Theorem V.1 Consider a networked multiagent system consisting of N agents. Consider also the dynamics of
agent i fori = 1,...,N given by (1), the control signal given by (2), the u-dynamics given by (3), and the
closed-loop reference model given by (6). In addition, consider the event-triggering rule for scheduling inter-agent
information exchange given by (8) and (9) subject to case a) sampled data exchange and case b) solution-predictor
curve exchange. When ¢ < (\(R) — @ ")/2||PB||2 the closed-loop solution (&(t),Ti(t), ¢(t)) approaches to zero
for ¢¢ = 0 and it remains bounded for ¢r € R .

Proof. The proof of this theorem follows similar steps to the proof of the main results presented in [22], but is
not identical since [22] only considers single integrator agents and we here consider linear time-invariant models.
Thus, we present the proof in details below for completeness.

To show the stability of the proposed distributed event-triggered control architecture, consider the following

Lyapunov-like function candidate

V(e n¢) =¢" 7’6+2p1u o+ p2¢ , (18)

where p; € Ry and ps € Ry are free parameters. Observe that V(e, i, ¢) = 0 for (e,m,¢) = (0,0,0) and
V(e, i, ¢) > 0 for (e,r, ¢) # (0,0,0). Taking the time derivative of (18) along closed-loop system trajectories
yields

V (@(t), m(t), ¢(t)) = 2€T (1) PE(t) + pra(t)a(t) + p2o()d(1)- (19)

Using (9), (11), and (12) in (19) yields

V (e(t), i(t), ¢(t)) =2 P (Ae(t) + Bi(t)) + prfi” (t) (=1 Fpa(t) — v F(t)) + p2d(t) (—r($(t) — ¢1))
= —e" (Re(t) + 2e" ()PBju(t) — piyi (O Fp(t) — piyi (6 Ffalt)
— pard?(t) + pare(t) o
—AR) @3 = p17vA (F) IE@)3 — p2rd®(t) + 2/|PBlla[le(®) |2l ()12
+p17A (F) [E@) |20 12 + pare(t) by (20)

IN

Next, using the event-triggering rule given by (16), which follows from the agent-wise event-triggering rule given
by (8) that holds for both case a) sampled data exchange and case b) solution-predictor curves exchange in (20),

further yields

= A(R) [E®I13 = pryA (F) (1) 3 = p2rg?(2) + paro(t)ox
+2|PBll2[e(t)ll2 (<le®)llz + VNS(1) + pryX (F) I 2 (2ol + VNo(®))

= — AR [E®I3 = p172A (F) I3 = pare? () + pano(t)r
+ 26[|PBlla[e(t) I3 + 2V N [PBI2[e(t) l26(t) + p1veX (F) (1) 2@

+ P17V NX(F) a8 |20(0). (21)

V (e(t), i(t), 6(1))

IN

Applying Young's inequality ab < (1/2)(c 1a? + ob?) for a € R, b € R, and o € R, on the sixth, seventh, and
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eight term of (21) it further yields
V (@(8),7i(t), 6(t) < — (A(R) = 22| PBl|2) B3 = pryA (F) ()3 = p2rg?(2) + paro(t)éx
1 1 2
+ —[2®)3 + o NIPBI3S (1) + 5 —[e@)3 + 5 pir’e*X (F) I3
1 02
1 o
+ SIEOIE + 57 NY (F) 6°(1)

_ (x (R) — 2I[PBl - - - 1) Ol

202
— (P2 (F) = Tty X (F) = Z) a3
- (szﬁ — o1 N||PBIJ; - iﬂ%gl\ﬁz (f)) O () + p2ro(t)dr. (22)

: _ _ <2 = _ T2 = 1=
Letting 01 = 271, 09 = 31, 03 = 02p17°e* X (F), p1 = py(027e® A (F)) ™, and p2 = k7 (p, + 0o N||PBI|3 +
(203)’1p%'y2NX2(7)) one can rewrite (22) as

V(0. 710,6()) < ~ (A(R) = 261PBl — 2 ) BB -y (A (F) =) IO - 670 + oo
(23)

Furthermore, (23) can be rewritten in compact form as
V (e(t), (1), ¢(t)) < —E(6)TOE(t) +TE(D), (24)

where £(t) = [|[e(t)]|2, [|E(#) |2, o(1)]T € R3, T £ [0,0, pare] € R**3, and O given by (17). An immediate conse-
quence of (24) is that the closed-loop solution (€(t), 7i(t), ¢(t)) is Lyapunov stable and lim;_, o (€(¢), i(t), ¢(t)) —
(0,0,0) when ¢f = 0 since O is positive definite and T" is zero in this case.

We next show the boundedness of the closed-loop solution (&(t),7i(t), #(t)) when ¢¢ € (0, ¢g). To this end,
(24) can be upper bounded by

= 2(O)IED 13 + ITII2lIE @)=
= = [lE@® 2 A (O) €@ ]2 = [ITl[2) - (25)

V (e(t), i(t), 6(1))

IN

It follows from (25) that there exists a compact set C' 2 {&(t) : [|€()[l2 < |T|l2/A(O)} such that V(e(t), 7i(t), (1))
< 0 outside of this set. Boundedness of the closed loop solution (€(t),7i(t), ¢(¢)) is now immediate. [ |

V  Numerical Example

To show the efficacy of the proposed distributed event-triggered control architecture for linear time-invariant
multiagent systems predicated on the solution-predictor curve method, we provide an illustrative numerical example
in this section. Consider a group of 4 agents whose inter-agent communication are encoded by the graph topology

shown in Figure 1. We set the leader to agent 1 and let the dynamics of agent ¢ for i = 1,...,4 be given by
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0 1 0
z;(t) = x;(t) + u(t), x;(0) =z, (26a)
1 1 2
—_— -~
A B
5(t) = [1 0} i (t). (26b)
——
E
Moreover, the initial conditions of agent ¢ for i = 1,...,4 are chosen as
T T T T
T10 = {0.8 0.0} ; T2 = {0.5 0.0} ; T30 = {—0.5 0.0} , T40 = {—0.8 0.0} ; (27)

We set the control feedback gains K; and Ko, respectively as K1 = [18.8, 17.8]T and K, = 10.0. In addition,
we set the event-triggering parameters as ¢ = 0.9, ¢9 = 3, ¢¢ =0, Kk = 4/150, and v = 1.

We use Python 3.7.7 to preform the illustrative numerical study such that we run independent script for each
agent (for this example we run 4 independent scripts) and required data as explained in Section III.B is shared
between scripts only when an event occurs. We run the simulations for a total of 150 seconds at a sampling rate
of 10 000 Hz. Observe that if this numerical study was performed in the absence of the proposed event-triggered
control, there would have been a total of 4 - (150/10~%) = 6 - 10° sampled data points exchanged.

First, we perform the numerical study by applying the proposed event-triggering architecture to schedule
networked transmission data in the multiagent system such that neighboring agents share sampled data points
through zero-order-hold operator, Figure 2. An immediate observation from Figure 2 is the reduction of events
as compared to continuous communication (i.e., number of events decreased to 601 from 6 - 10).

Second, we perform the numerical study by applying the proposed event-triggering architecture to schedule
networked transmission data in the multiagent system such that neighboring agents share solution-predictor curves,
Figure 3. This method, in contrast to the widely adopted sampled data exchange in the event-triggering literature,
has the potential to further reduce network utilization (number of events) as can be seen from Figure 3 (i.e.,
number of events decreased to 279 from 601).

In summary, with this illustrative numerical study, we show the efficacy of the proposed distributed event-
triggered control algorithm for linear time-invariant multiagent systems to schedule local information exchange
predicated on a solution-predictor curve. By applying this method, network utilization (number of events) has
been dramatically reduced by more than 50% (i.e., from 601 to 279) as compared to the standard sampled data
exchange approach; compare Figure 2 to Figure 3. Finally, from these figures, one can also observe that the

solution-predictor method provides a smoother control signal.

VI Conclusion

To prevent potential network overload and decrease wireless communication costs, a distributed event-triggered
control algorithm with a dynamic threshold was proposed for linear time-invariant multiagent systems by gener-
alizing the results in [22]. Within the context of this architecture, for dramatically reducing network utilization,
we utilized the solution-predictor curve exchange method. This method was shown the capability to decrease
network utilization as compared to its standard sampled-data counterpart. We also presented rigorous stability

analysis for our architecture and gave an illustrative numerical example to validate our theoretical contribution.
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Figure 2. Sampled data exchange for event-triggering case a).
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